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1. Introduction
When studying the geometry of a projective variety X it is often useful to consider its many
projective embeddings. In exchange for this ﬂexibility we are left without a natural choice for what
“The homogeneous coordinate ring” of a projective variety should be. Hu and Keel proposed in [10]
the following candidate (inspired by work of Cox on toric varieties [6]),
Deﬁnition 1. Let X be a smooth projective variety with torsion-free Picard group and let D1, . . . , Dr
be divisors whose classes are a basis of Pic(X). The Cox ring of X with respect to this basis is:
Cox(X) :=
⊕
(m1,...,mr)∈Zr
H0(X,m1D1 + · · · +mrDr),
with multiplication induced by the multiplication of functions in k(X).
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coordinate ring for X in the following sense:
(1) The homogeneous coordinate rings
⊕∞
s=0 H0(X, sD) of all images of X via complete linear sys-
tems φD : X  P(H0(X, D)) are subalgebras of Cox(X).
(2) If the Cox ring is a ﬁnitely generated k-algebra then X can be obtained as a quotient of an open
set of Spec(Cox(X)) by the action of (k∗)r determined by the grading. In this sense the points of
Spec(Cox(X)) can be thought of as homogeneous coordinates for the points in X .
If Cox(X) is a ﬁnitely generated k-algebra, the birational geometry of X is especially well struc-
tured: the nef and effective cones are polyhedral and there are ﬁnitely many Q-factorial small
modiﬁcations of X , i.e. contracting birational maps f : X  X ′ with X ′ projective and Q-factorial
(see Proposition 1.11 in [10] for precise statements). The varieties X with ﬁnitely generated Cox rings
are called Mori Dream spaces and have been the focus of much interest (see [2–5]).
When X is a Mori Dream Space, its Cox ring admits a presentation Cox(X) ∼= k[x1, . . . , xn]/I . Not
much is known about the generators of the ideals I in general although some work has been done on
speciﬁc classes of varieties (see [2,13,15]). The purpose of this paper is to introduce a tool to study
the Pic(X)-degrees of the generators of the ideal I .
More precisely, we introduce complexes of vector spaces whose homology determines the structure
of the minimal free resolution of Cox(X) over the polynomial ring and show how the homology of
these complexes can be studied by purely geometric methods.
As an application of these techniques we prove a conjecture of Batyrev and Popov [2] which gives
explicit presentations for the Cox rings of Del Pezzo surfaces of degree at least two. A proof of this
conjecture for Del Pezzo surfaces of degree at least four and for generic surfaces of degree at least
three appears in [15]. It is shown in [14] that the conjecture holds for surfaces of degree at least
two up to radical. Besides generalizing these results, the approach in this paper proves that quadratic
generation of the Cox rings of Del Pezzo surfaces depends only on numerical properties. In particular
our approach allows us to treat all Del Pezzo surfaces of a given degree simultaneously.
2. A geometry of syzygies
Throughout this paper k will denote an algebraically closed ﬁeld of arbitrary characteristic. Let
X be a smooth m-dimensional projective variety with Pic(X) ∼= Zr and ﬁx a collection of divisors
D1, . . . , Dr whose classes form a basis of Pic(X). We say that a divisor D on X is standard if D =
m1D1 + · · · + mrDr for some mi ∈ Z. We will abbreviate the expression ‘D is a standard divisor’
by D ∈ Zr . Our choice of the divisors D1, . . . , Dr ﬁxes an isomorphism ψ between Pic(X) and the
subgroup of standard divisors in Div(X). We will use this identiﬁcation throughout the paper. In
particular Cox(X) is graded by Pic(X) and by the subgroup of standard divisors and these gradings
are identiﬁed via ψ .
We will assume that Cox(X) is a ﬁnitely generated k-algebra and ﬁx a presentation
k[x1, . . . , xn]/I ∼= Cox(X)
satisfying the following assumptions:
(1) The images of the variables xi are irreducible and homogeneous elements of Cox(X) (we will
always denote a variable and its image with the same symbol).
(2) The ring R = k[x1, . . . , xn] is a Pic(X)-graded polynomial ring and I is a Pic(X)-homogeneous
ideal. The grading on R is obtained by assigning to each variable xi the degree [xi] ∈ Pic(X)
of its image in Cox(X) (or equivalently, via the isomorphism ψ , the unique standard divisor C
with [C] = [xi]). Note that the Pic(X)-grading is positive, since it reﬁnes the grading Deg(xi) =
Hm−1 · [xi] > 0 for any ample divisor H on X .
A. Laface, M. Velasco / Journal of Algebra 322 (2009) 353–372 355Since R is positively graded, every ﬁnitely generated Pic(X)-graded R-module M has a unique
minimal Pic(X)-graded free resolution G(M). In particular, for a divisor D ∈ Zr , the number of copies
of the graded free module R(−D) appearing in homological degree i in G(M) is a numerical invariant
of the module M . This number is the ith Picard-graded Betti number in degree D of M and we will
denote it by bi,D(M).
For the R-module Cox(X) the minimal free resolution is of the form
G
(
Cox(X)
): · · · → ⊕
D∈Zr
R(−D)b2,D →
⊕
D∈Zr
R(−D)b1,D → R → 0
where the rightmost nonzero map is given by a row matrix whose entries are a set of minimal
generators of the ideal I . Since the differential of the resolution has degree 0 we see that I has
exactly b1,D(Cox(X)) minimal generators of degree D ∈ Zr .
To study the Betti numbers bi,D(Cox(X)) we introduce the following sequence of vector spaces: For
each generator xi let Ci be the unique standard divisor with [Ci] = [xi]. For a divisor D ∈ Zr deﬁne
A(D)0 := H0(X, D) and for 1m n let
A(D)m :=
⊕
1i1<···<imn
H0(X, D − Ci1 − · · · − Cim ).
The elements of A(D)m are tuples (sα)α∈Im where α moves in the family of indexes Im ={(i1, . . . , im): 1  i1 < · · · < im  n} and si1,...,im ∈ H0(X, D − Ci1 − · · · − Cim ). We denote them with
formal sums
∑
α∈Im sαuα and denote the elements s ∈ A(D)0 by su0. Deﬁne the boundary map
∂m : A(D)m → A(D)m−1 by ∂m(∑α∈Im sαuα) :=∑α∈Im sα∂m(uα) where ∂1(ui) := xiu0 and
∂m(ui1...im) :=
m∑
j=1
(−1) j+1xi j ui1...i j−1 iˆ j i j+1...im if 2m n.
Lemma 2.1. The sequence (A(D), ∂) is a complex and
bi,D
(
Cox(X)
)= dimk(Hi(A(D))).
Proof. A(D) is the degree D part of Cox(X)⊗R K where K is the Koszul complex on x1, . . . , xn . Hence
Hi
((
Cox(X) ⊗ K)D)= (Hi(Cox(X) ⊗ K))D = (TorRi (Cox(X),k))D = kbi,D (Cox(X))
where the last two equalities follow since TorR(A, B) is symmetric in A and B and the Koszul complex
is the minimal free resolution of k over R . 
The homology of the complexes A(D) can be studied by purely geometric methods. In this paper
we will focus on the calculation of the ﬁrst Betti numbers and particularly in ﬁnding conditions on a
divisor D ∈ Zr which ensure b1,D(Cox(X)) = 0. From now on we use the following terminology:
⊕
1i< jn
H0(X, D − Ci − C j) →
n⊕
i=1
H0(X, D − Ci) → H0(X, D)
• A cycle is an expression σ =∑ni=1 siui with si ∈ H0(X, D − Ci) such that ∂σ =∑ sixiu0 = 0 ∈
H0(X, D).
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Ci) with skt ∈ H0(X, D−Ck−Ct). Note that modulo boundaries (sktxk)ut = (skt xt)uk so any section
in direction ut divisible by xk can be substituted by one in direction uk divisible by xt .
• The support of a cycle σ =∑ni=1 siui is ‖σ‖ = {i: si 
= 0} and the size of the support is the
cardinality of ‖σ‖ denoted |σ |.
Our method for determining the degrees of the generators of the ideal deﬁning Cox(X) relies on
the following two lemmas.
Lemma 2.2. Any cycle σ = siui + s ju j with |σ | 2 is a boundary.
Proof. If σ is a cycle with |σ | 1 then σ = 0 since Cox(X) is an integral domain. If σ is a cycle with
|σ | = 2 then 0 = ∂σ = (sixi + s jx j)u0 so sixi = −s jx j . Since Cox(X) is factorial (see [1,9]) and xi, x j
are irreducible it follows that si = s′x j and s j = s′xi so σ = s′(xiu j − x jui) = ∂(s′uij). 
Lemma 2.3. Let 1 l,k, t  n be three distinct indices and suppose that [xi] = Ci ∈ Zr and that div(xi)+Ci =
Si is a prime divisor on X. If Cl · Ck = 0 and D ∈ Zr is such that H1(X, D − Cl − Ck − Ct) = 0 then the map
H0(X, D − Cl − Ct) ⊕ H0(X, D − Ck − Ct) → H0(X, D − Ct)
given by (pl, pk) → plxl + pkxk is surjective.
Proof. Since Sl and Sk are prime, the assumption Cl · Ck = 0 implies that their intersection is empty.
Thus the following sequence of sheaves on X is exact,
0 →OX [−Cl − Ck] →OX [−Cl] ⊕OX [−Ck] →OX → 0.
Tensoring with OX [D − Ct] the long exact sequence in sheaf cohomology gives
⊕
i∈{l,k}
H0(X, D − Ci − Ct) → H0(X, D − Ct) → H1(X, D − Cl − Ck − Ct)
from which the statement follows immediately. 
To show that all cycles σ in A1(D) for some divisor D ∈ Zr are boundaries (and conclude that
b1,D(Cox(X)) = 0) we will perform two steps:
(1) We will use Lemma 2.3 to modify the support of cycles. More precisely, if we know that every
section s3 in H0(X, D − C3) can be written as p1x1 + p2x2 then, modulo boundaries,
s3u3 = p1x1u3 + p2x2u3 = p1x3u1 + p2x3u2
so we can “remove” the u3 component from any cycle σ (by in exchange adding components
in directions u1 and u2). For each divisor D , a set of these reductions is allowed and we will
characterize them explicitly.
(2) We will show that, if D admits enough reduction moves, then these can be combined to strictly
reduce the size of the support of any cycle σ . Using Lemma 2.2 we will conclude that σ is a
boundary.
In the rest of this paper we will use this method to compute the Picard degrees of the minimal gen-
erators of the ideals which deﬁne the Cox rings of Del Pezzo surfaces. To keep track of the reductions
from steps 1 and 2 above we introduce in Section 6 the language of games on graphs.
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In this section we describe the fundamental traits of the geometry of Del Pezzo surfaces, for a
more detailed treatment the reader should refer to [12].
Deﬁnition 2. A collection of r  8 points in P2 is said to be in general position if no three lie on a
line, no six lie on a conic and any cubic containing eight points is smooth at each of them.
Deﬁnition 3. A Del Pezzo surface X is a surface isomorphic to P1 × P1 or to the blow up of P2 at
r  8 general points. In the second case we denote the surface by π : Xr → P2 or just by Xr if the
points are clear from the context.
There are at least two reasons to consider Del Pezzo surfaces as a class in themselves:
• Del Pezzo surfaces can be characterized as those nonsingular projective surfaces with ample an-
ticanonical divisor.
• If X is a Del Pezzo surface and f : X → Y is a birational morphism then Y is also a Del Pezzo
surface.
There is exactly one Del Pezzo surface Xr for each r  4 (since the automorphism group of P2
acts transitively on 4-tuples of general points) and for each 5 r  8 there are inﬁnitely many non-
isomorphic Del Pezzo surfaces Xr . If r  3, we can assume that the blown up points are a subset of
{[1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1]} and conclude that the surface Xr is toric. The Del Pezzo surfaces X6 are
precisely the smooth cubic surfaces in P3.
Lemma 3.1. For a Del Pezzo surface Xr , blown up from P2 via π : Xr → P2 , let H be a line in P2 . Let L =
π−1(H) and let E1, . . . , Er be the exceptional divisors of the blow up. Then the following statements hold:
(1) Pic(Xr) ∼= Zr+1 and a basis is given by the divisor classes [L] and [E1], . . . , [Er].
(2) In terms of this basis the intersection form on Pic(Xr) is:
[Ei] · [E j] = −δi j, [L]2 = 1 and [L] · [Ei] = 0 for all i
where δi j equals 1 if i = j and 0 otherwise.
(3) A canonical divisor on Xr is
K = −3L + E1 + E2 + · · · + Er .
Because of our choice of the divisors L, E1, . . . , Er , the standard divisors on Xr will be those of the
form a0L + a1E1 + · · · + ar Er for some ai ∈ Z. We will write D ∈ Zr+1 to say that D is a standard
divisor. For divisors D1 and D2 we will write D1 · D2 to denote the integer [D1] · [D2].
Deﬁnition 4. A curve E on X is an exceptional curve if and only if
−K · E = 1 and E2 = −1.
The following description of the exceptional curves on a Del Pezzo surface can be found in [12].
Lemma 3.2. For r  7 the exceptional curves on a Del Pezzo surface Xr are:
• The exceptional divisors of π : Xr → P2 .
• For r  2, the strict transforms of lines through pairs of points.
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Exceptional curves on a Del Pezzo surface.
Generator Standard divisor (up to permutation of the Ei )
e1 E1
f12 L − E1 − E2
g/g6/g67 2L − E1 − E2 − E3 − E4 − E5
h1 3L − 2E1 − E2 − E3 − E4 − E5 − E6 − E7
• For r  5, the strict transforms of conics through ﬁve points.
• For r = 7 the strict transforms of the cubics through r points vanishing with multiplicity two through one
of them.
The standard divisors in the classes of exceptional curves appear in Table 1 up to permutation of the Ei . The
variables appearing in the ﬁrst column of the table will be used in Sections 5–7.
Deﬁnition 5. For a divisor D on Xr let
mD =min{D · F | F is an exceptional curve on Xr}.
We recall that, for r  2 a divisor D on a Del Pezzo surface Xr is nef if and only if mD  0.
Moreover we will say that a divisor D ∈ Zr+1 is effective if H0(X, D) 
= 0 (note that these properties
depend only on the class [D] ∈ Pic(X)).
Lemma 3.3. If r  2 and D is a standard divisor such that D · F  0 for every exceptional curve F then D is
effective.
Proof. If r = 2, the standard divisors linearly equivalent to exceptional curves are E1, L − E1 − E2, E2.
These form a basis for the group of standard divisors in X2 with dual basis (with respect to the inter-
section form) L − E1, L, L − E2. Thus if D is a nef standard divisor, it can be written as a combination
D = a0(L − E1) + a1L + a2(L − E2) with nonnegative coeﬃcients ai . It follows that D is effective. If
r > 2 and D is a nef divisor on Xr with mD = 0 then [D] is the pullback of a nef divisor class on a
Del Pezzo surface Xr−1 obtained from X by contracting one exceptional curve contracted by D . Thus
D is effective by induction. If mD > 0 let D = D ′ −mDK and note that if D ′ is effective so is D , since
−K is effective. By construction D ′ is nef and mD ′ = 0 so by induction D ′ is effective. 
4. The Cox rings of Del Pezzo surfaces
Let π : Xr → P2 be the Del Pezzo surface obtained from P2 by blowing up the points p1, . . . , pr .
Let H be a line in P2 and ﬁx the divisors L = π−1(H) and Ei = π−1(pi). The Cox ring of Xr is the
Pic(Xr)-graded algebra
Cox(Xr) =
⊕
D∈Zr+1
H0(Xr, D) =
⊕
(m0,...,mr)∈Zr+1
H0(Xr,m0L +m1E1 + · · · +mr Er).
Let C1, . . . ,Cn be the standard divisors linearly equivalent to the exceptional curves on X (see
Table 1). For each j choose nonzero x j ∈ H0(X,C j) and note that, by Riemann–Roch, this choice is
unique up to multiplication by a nonzero scalar.
Batyrev and Popov show in [2] that for 3 r  7 the sections x j generate the algebra Cox(Xr).
As a result, if Vr is a set of variables xi , one for each exceptional curve in Xr , there is a presentation
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where the variable x j in k[Vr] is mapped to the rational function x j in Cox(Xr). The polynomial ring
k[Vr] is Pic(X)-graded by deg(xi) = Ci and the ideal Ir is Pic(X)-homogeneous. The Pic(X)-grading
reﬁnes the anticanonical degree grading Deg(xi) = −K · Ci = 1 (which coincides with the grading by
total degree on k[Vr]).
Deﬁnition 6. Let Qr be the ideal generated by the elements of anticanonical degree 2 in Ir .
Example. For r = 4, we can assume, without loss of generality that p1 = [1 : 0 : 0], p2 = [0 : 1 : 0],
p3 = [0 : 0 : 1] and p4 = [1 : 1 : 1]. It follows that,
• R = k[V4] = k[e1, . . . , e4, f12, . . . , f34] is a polynomial ring with 10 variables, graded by deg( f i j) =
L − Ei − E j , deg(ei) = Ei .
• Q 4 is the ideal generated by
Degree in Pic(X4) Minimal generator
L − E1 e2 f12 − e3 f13 − e4 f14
L − E2 e1 f12 − e3 f23 − e4 f24
L − E3 e1 f13 − e2 f23 + e4 f34
L − E4 e1 f14 − e2 f24 − e3 f34
2L − E1 − E2 − E3 − E4 f14 f23 − f12 f34 − f13 f24
As observed by Batyrev and Popov in [2], Proposition 4.1 the ideal Q 4 is the coordinate ring of
the Grassmannian Gr(2,5) in its Plucker embedding and in particular a prime ideal. It follows that
I4 = Q 4 by a dimension argument. For 4< r  7, Batyrev and Popov provide the following conjectural
description of the ideals Ir which generalizes what occurs when r = 4.
• [BP] Conjecture of Batyrev and Popov: For 4 r  7 and every Del Pezzo surface Xr , the ideal Ir is
generated by quadrics. In other words Ir = Qr .
The conjecture can be restated as
• [BP] in terms of Pic(Xr)-graded Betti numbers: For 4 r  7 and any Del Pezzo surface Xr , the Betti
number b1,D(Cox(Xr)) = 0 for all standard divisors D with −K · D  3.
The two statements are equivalent since, as we will show in Lemma 4.1, the generators of Ir must
have nef and effective degrees (so, in particular b1,D(Cox(X)) = 0 if −K · D = 1). Moreover the nef
and effective divisors D ∈ Zr+1 of anticanonical degree 2 can be written as a sum D = F1 + F2 of two
divisors Fi ∈ Zr+1 linearly equivalent with intersecting exceptional curves (the curves must intersect
since otherwise D · F1 = −1 < 0 contradicting the fact that D is nef). Considering all such pairs in
Xr we immediately obtain Table 2 which contains the Picard degrees of the minimal generators of Ir
with anticanonical degree 2.
Serganova and Skorobogatov show (see Theorem 2.5 in [14]) that certain quadratic equations in
the above multidegrees suﬃce to deﬁne the ideal I X up to radical. Their work extends some of their
previous results [13] and the work of Derenthal [7] on embedding the universal torsors of Del Pezzo
surfaces in homogeneous spaces. An explicit computation of the above quadrics can also be found in
Derenthal’s PhD thesis [8].
In the rest of this paper we prove [BP] using the method introduced in Section 2. We begin by
showing that all minimal generators of Ir have nef and effective degrees D ∈ Zr+1,
Lemma 4.1. If b1,D(Cox(Xr)) 
= 0 then the standard divisor D is nef and effective.
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Nef divisors D ∈ Zr+1 of anticanonical degree 2 (up to permutation of the Ei ).
r Picard degree
4,5,6,7 L − E1
2L − E1 − E2 − E3 − E4
6,7 3L − 2E1 − E2 − E3 − E4 − E5 − E6
7 4L − 2E1 − 2E2 − 2E3 − E4 − E5 − E6 − E7
5L − E1 − 2E2 − 2E3 − 2E4 − 2E5 − 2E6 − 2E7
3L − E1 − E2 − E3 − E4 − E5 − E6 − E7 = −K7
Proof. If D is not nef then there exists an exceptional curve with standard divisor Ci such that D ·Ci 
−1. For any C j with i 
= j we have that (D − C j) · Ci < 0 and this implies that multiplication by xi
gives an isomorphism
H0(Xr, D − Ci − C j) → H0(Xr, D − C j),
and thus, that every section in H0(Xr, D − C j) is a multiple of xi . As a result, modulo boundaries, for
every cycle σ we have
σ =
n∑
t=1
stut =
n∑
t=1
ptxiut =
(
n∑
t=1
ptxt
)
ui
so, modulo boundaries, σ equals a cycle whose support has size one. By Lemma 2.2 σ is a boundary
and thus b1,D(Cox(Xr)) = 0. 
5. The strategy
We will prove [BP] by induction on r. For each r > 4 we will show:
(1) b1,D(Cox(Xr)) = 0 for all nef and effective divisors D ∈ Zr+1 with −K · D > 2 which have the
property that D · C j = 0 for some C j . These divisors are pullbacks of divisors on a Del Pezzo
surface Xr−1 obtained by contracting the exceptional curve with class [C j] and the statement will
follow by the induction hypothesis.
(2) If a standard divisor D does not contract any exceptional curve, then we will show that
H1(A(D)) = 0. We prove this by writing every cycle in A1(D) as a sum of boundaries via an
algorithm which uses Lemma 2.3 and the combinatorics of exceptional curves. Developing this
algorithm will be the content of the remaining sections.
Throughout the proof we will use the following terminology. If D ∈ Zr+1 is a divisor, a section
s ∈ H0(X, D) is a distinguished section if, up to multiplication by a nonzero constant, it is a monomial
on the sections x1, . . . , xn . Since the sections x1, . . . , xn generate Cox(Xr) we know that for every
D ∈ Zr+1, H0(X, D) is spanned by distinguished global sections.
We begin with a preliminary lemma about the distinguished sections of −K on X7. Recall that
for every exceptional curve with standard divisor Ci on a Del Pezzo surface X7 there is a unique
exceptional curve with standard divisor C j such that Ci + C j = −K . We will denote C j with C ′i and
the corresponding sections with xi and x′i .
Lemma 5.1. Let x1x′1, . . . , x28x′28 be the distinguished sections of |−K | on X7 . Any 27 of these sections span a
three-dimensional vector space.
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is a bitangent line to the branch divisor B (which is a smooth plane quartic). The dual curve B∗ has
degree 12 with 28 nodes (the bitangents of B) and 24 cusps (the ﬂexes of B). Now
φ−1
(
φ(Si)
)= Si + S ′i
so that if the sections x1x′1, . . . , x27x′27 span a 2-dimensional vector space, then all the φ(Si)’s are
bitangent lines which live in a pencil. This would imply that B∗ has 27 nodes on a line L∗ (the dual
of the pencil) so that L∗ splits off from B∗ and this is impossible because B∗ is irreducible. 
The following lemma carries out step (1) of our strategy. We denote the dimension of a vector
space W by |W |.
Lemma 5.2. If D ∈ Zr+1 is nef, contracts some curve and −K · D  3 then b1,D(Cox(Xr)) = 0.
Proof. By acting via the Weyl group and changing the presentation of the Del Pezzo surface we can
assume, without loss of generality, that D contracts the exceptional curve Er . Let Xr−1 be the Del
Pezzo surface obtained from Xr by blowing down Er and note that the morphism π : Xr → P2 factors
as Xr
q−→ Xr−1 π2−→ P2. Let L′ := π−12 (H) (where H is our chosen line in P2) and let E ′i := π−12 (pi) for
1 i  r − 1 be our chosen divisors. The map q∗ determines an injection of the standard divisors of
Xr−1 into those of Xr and distinguished sections yi = (q−1)∗(xi) and thus an injection Cox(Xr−1) →
Cox(Xr).
Recall now that Vr is a collection of variables xi in bijection with the exceptional curves in Xr
and let er ∈ Vr be the variable corresponding to Er . Let Vr−1 = {y1, . . . , yk} be the set of variables
corresponding to the exceptional curves in Xr which do not intersect Er and note that Vr−1 is in
canonical bijection with the set of exceptional curves in Xr−1. We thus have compatible presentations
forming a commutative diagram
Cox(Xr−1) Cox(Xr)
k[Vr−1] i k[Vr]
where i : k[Vr−1] → k[Vr] is the homomorphism of graded k-algebras induced by the inclu-
sion. Via this inclusion Qr−1 ⊂ Qr ∩ k[Vr−1] and we have a homomorphism of graded k-algebras
ψ :k[Vr−1]/Qr−1 → k[Vr]/Qr .
We will show that this map is surjective in degree D . Let {z1, . . . , zs} be the variables in Vr which
correspond to curves intersecting Er . Let m = ya11 · · · yakk zb11 · · · zbss etr be a monomial in k[Vr] of de-
gree D . There are two cases to consider
• If r  6, then D · Er = 0 implies that t = b1 + · · · + bs so that we can write m = ya11 · · · yakk (z1e1)b1
· · · (zse1)bs . Now, Qr contains relations of the form z je1 =∑ cab ya yb coming from the conic
bundles [deg(zi) + deg(e1)] so the monomials on the y’s span (k[Vr]/Qr)D .
• If r = 7 either the variable h7, corresponding to the exceptional curve linearly equivalent to 3L −
E1 − · · · − E6 − 2E7 does not appear in the monomial m (and the same reasoning as when r  6
shows that m can be written as a linear combination of monomials on y1, . . . , yk) or h7 is one of
the zi , say zs = h7. In this case D · E7 = 0 implies that t = b1 + · · · + bs−1 + 2bs and we can write
m = ya11 · · · yakk (z1e7)b1 · · · (zs−1e7)bs−1 (h7e27)bs . Now h7e7 is a distinguished section of −K so, by
Lemma 5.1, there is a relation of the form h7e7 = a1xi1x′i1 + · · · + a3xi3x′i3 so
h7e
2
7 = a1(xi1e7)x′i + · · · + a3(xi3e7)x′i1 3
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that for every exceptional curve B in X7, exactly one of B and B ′ are adjacent to E7). Hence
m is expressible as a linear combination of monomials which do not contain h7 and the same
argument as for r  6 shows that the monomials on y1, . . . , yk span (k[Vr]/Qr)D .
We conclude that ψ is surjective in degree D . By construction k[Vr]/Qr surjects onto k[Vr]/Ir =
Cox(Xr) and by induction on r we know that Cox(Xr−1) = k[Vr−1]/Qr−1. Thus
∣∣Cox(Xr−1)D ∣∣= ∣∣(k[Vr−1]/Qr−1)D ∣∣ ∣∣(k[Vr]/Qr)D ∣∣ ∣∣(k[Vr]/Ir)D ∣∣= ∣∣Cox(Xr)D ∣∣
but h0(D, Xr) = h0(D, Xr−1) since D contracts Er so (k[Vr]/Qr)D = (k[Vr]/Ir)D and Ir cannot have
minimal generators in multidegree D with −K · D  3. 
6. Games on the graphs of exceptional curves
To carry out step (2) of the strategy outlined in the previous section we introduce the combina-
torial language of games on graphs. The term graph will mean ﬁnite graph without loops (multiple
edges are allowed).
Deﬁnition 7. For a graph G let V (G) be the set of vertices of G . If S = {v1, . . . , vk} ⊂ V (G) then the
graph induced by S is the graph H with vertex set S and with edge set given by all edges of G whose
endpoints are in S .
Deﬁnition 8. A capture diagram is either a graph H with V (H) = {1,2,3} or V (H) = {1,2}.
Deﬁnition 9. A capture move for the diagram H on a graph G is a morphism of graphs φ : H → G
such that H is isomorphic via φ to the subgraph induced by {φ(1), . . . , φ(r)} with r = |V (G)|. If G ′ is
the subgraph of G induced by V (G) − φ(2) we say that G can be captured from G ′ with the move
(H, φ) and denote it with G ′ → G .
Deﬁnition 10. A graph G is 2-capturable using the diagrams {H1, . . . , Hs} if there is a sequence of
induced subgraphs
G0 → G1 → G2 → ·· · → Gk = G
such that |V (G0)| 2 and for all i, Gi → Gi+1 is a capture move for some diagram in {H1, . . . , Hs}.
We will call G0 the initial or starting subgraph.
We will be interested in the following graphs.
Deﬁnition 11. The graph of exceptional curves in Xr , denoted Gr is the graph whose vertices are the
standard divisors {Ci: 1 i  nr} linearly equivalent with the exceptional curves in Xr and with Ci ·C j
edges between vertices Ci and C j for i 
= j (thus n4 = 10, n5 = 16, n6 = 27, n7 = 56 and Gr has double
edges for r = 7).
We will now discuss the relationship between capturability and Picard-graded Betti numbers.
Deﬁnition 12. A move φ : H → Gr on the graph of exceptional curves is valid for a divisor D ∈ Zr+1
if either:
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H0
(
Xr, D − φ(2) − φ(1)
)⊕ H0(Xr, D − φ(2) − φ(3))→ H0(Xr, D − φ(2))
given by (s, t) → sxφ(1) + txφ(3) is surjective.
• |V (H)| = 2 and the map H0(Xr, D − φ(2)− φ(1)) → H0(Xr, D − φ(2)) given by multiplication by
xφ(1) is surjective.
Where xφ( j) denotes the distinguished global section in H0(Xr, φ( j)).
In both cases, we say that we have captured φ(2) with {φ(i): i 
= 2}.
Theorem 6.1. If Gr is 2-capturable using moves that are valid for D ∈ Zr+1 then b1,D(Cox(Xr)) = 0.
Proof. Let σ =∑ pCi uCi ∈⊕nri=1 H0(Xr, D − Ci) be a cycle. Assume
S0 → S1 → ·· · → Sk = Gr
is a sequence of capture moves with |V (S0)| 2. Let φ : H → Sk be the last capture move. Note that
{φ(i): i 
= 2} ⊆ V (Sk−1) and that, since the move is valid for D either
• |V (H) = 3| and there are sφ(1) , sφ(3) such that pφ(2) = sφ(1)xφ(1) + sφ(3)xφ(3) so that
σ =
( ∑
Ci 
=φ(2)
pCi uCi
)
+ pφ(2)uφ(2) =
( ∑
Ci 
=φ(2)
pCi uCi
)
+ (sφ(1)xφ(1) + sφ(3)xφ(3))uφ(2).
Modulo boundaries the above expression equals
∑
Ci 
=φ(2)
pCi uCi + sφ(1)xφ(2)uφ(1) + sφ(3)xφ(2)uφ(3).
• |V (H)| = 2 and there exists sφ(1) such that pφ(2) = sφ(1)xφ(1) and thus
σ =
( ∑
Ci 
=φ(2)
pCi uCi
)
+ pφ(2)uφ(2) =
∑
Ci 
=φ(2)
pCi uCi + sφ(1)xφ(1)uφ(2).
Modulo boundaries the above expression equals
∑
Ci 
=φ(2)
pCi uCi + sφ(1)xφ(2)uφ(1).
In both cases, σ is equal, modulo boundaries, to a cycle whose support is contained in V (Sm−1).
Continuing inductively we see that, modulo boundaries, σ = τ where τ is a cycle whose support is
contained in S0 (and hence of size  2). By Lemma 2.2, σ is a boundary. 
In the rest of the paper we will use the Kawamata–Viehweg vanishing theorem (see Theorem 4.3.1
in [11]) to show that, if D is suﬃciently positive then there are enough capture moves to guarantee
that b1,D(Cox(X)) = 0 via Theorem 6.1.
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on X then Hi(X, D + K ) = 0 for i > 0.
In this paper we will use the Kawamata–Viehweg vanishing theorem only for divisors on Del Pezzo
surfaces, where it is known to hold also over an algebraically closed ﬁeld of any characteristic (see
Theorem 1.4 in [16]).
7. Valid moves on the Del Pezzo surfaces X5 and X6
Henceforth, to simplify the notation, we will write “an exceptional curve A” to mean that A ∈ Zr+1
is a standard divisor linearly equivalent with an exceptional curve. We say that A and B are adjacent
when A · B > 0 and that A and B are disjoint if A · B = 0. The symbol xA will denote our chosen
section in H0(X, A).
We will use the following easily veriﬁed facts about the graph of exceptional curves on the Del
Pezzo surfaces X5 and X6.
(1) If r = 5 and A, B are two adjacent exceptional curves then there exist adjacent curves A′ and B ′
such that the induced subgraph on A, B, A′, B ′ is a square and A + B + A′ + B ′ = −K . Moreover
there are no triangles in G5.
(2) If r = 6 and A, B are two adjacent exceptional curves there is a unique curve C such that A+ B +
C = −K . Moreover, the induced subgraph on A, B,C is a triangle.
Lemma 7.1. Suppose r = 5,6 and let (A, B,C) be standard divisors linearly equivalent with exceptional curves
on Xr . If either
• A · B = 1, A · C = B · C = 0 and r = 5.
• A · B = B · C = 1, A · C = 0 and r = 6.
Then every other exceptional curve intersects at most two divisors in {A, B,C}.
Proof. For r  5 the graph of exceptional curves contains no triangles. For r = 6 every edge of this
graph belongs to exactly one triangle since two distinct lines with a common point in P3 span a
hyperplane which intersects a cubic surface in a curve of degree 3 containing two lines, (i.e. a triangle)
thus determining the third line. 
A sequence (A1, A2, A3) or (A1, A2) of distinct vertices of Gr determines:
(1) A capture diagram H with vertices {1,2,3} or {1,2} with Ai · A j edges between vertices i and j
(for i 
= j).
(2) A capture move via the map φ(i) = Ai .
Lemma 7.2. For r = 5,6 let D ∈ Zr+1 be a divisor in Xr with mD  1. Then the moves determined by the
sequences in Lemma 7.1 are valid for D.
Proof. Let L = D− A− B−C − K . By Lemma 7.1 any exceptional curve F in Xr has (A+ B+C) · F  2,
thus L · F  1 − 2 + 1  0 and L is nef and effective. We will show that L is also big so that,
by Kawamata–Viehweg H1(Xr, L + K ) = 0. The validity for D of the moves will then follow from
Lemma 2.3. We show that L2 > 0 by considering two cases:
• If r = 5, A · B = 1 and B · C = A · C = 0, let A′ and B ′ be two exceptional curves such that
−K = A + B + A′ + B ′ and note that these curves form a square. Thus L = D − C + A′ + B ′
and L2 = (D − C)2 + 2(D − C)(A′ + B ′). Now D − C is nef and effective (since mD  1) and
(D − C)(A′ + B ′) 1 (since C does not intersect A′ and B ′ simultaneously). Hence L2 > 0.
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and note that these curves form a triangle and that C ·C ′ = 0 (by Lemma 7.1). Thus L = D−C +C ′
and L2 = (D − C)2 + 2(D − C)C ′ − 1 0+ 2− 1 = 1 since D − C is nef and effective. 
Lemma 7.3. For r = 5,6 the graphs Gr are 2-capturable with starting subgraph S0 = {e1, e2} using the capture
moves of Lemma 7.1.
Proof. We will list the exceptional curves captured at every stage (see Table 1 for the interpretation
of the variables).
For r = 5,
S0 e1, e2,
f13, f14, f15, f23, f24, f25,
g, e3, e4, e5, f12, f34, f35, f45.
For r = 6,
S0 e1, e2,
f12, g3, g4, g5, g6,
All remaining curves. 
Lemma 7.4. For r = 5,6 and every divisor D with mD  1,
b1,D
(
Cox(Xr)
)= 0.
Proof. This follows immediately from Theorem 6.1 and Lemmas 7.2 and 7.3. 
Note that for r = 5,6 there are inﬁnitely many nonisomorphic Del Pezzo surfaces (depending on
the choice of coordinates for the blown up points) and thus inﬁnitely many nonisomorphic Cox rings
(since the surface can be recovered from the ring), the last lemma shows that none of these rings has
minimal generators in degrees D with mD  1.
In the next section we will use a similar argument on the Del Pezzo surfaces X7.
8. Valid moves on the Del Pezzo surfaces X7
We will use the following easily veriﬁed facts about exceptional curves on a Del Pezzo surface X7.
(1) The anticanonical divisor determines a ﬁxed point free involution on the set of exceptional curves
via A → A′ = −K − A. Thus the hi and the ei ’s are duals of each other and so are f i j and the gij .
Moreover note that two exceptional curves A and B have the property that A · B  2 iff B = A′
and in that case A · B = 2. Thus the graph of exceptional curves G7 is a multigraph in which every
vertex belongs to exactly one double edge.
(2) A is adjacent to B iff A′ is disjoint from B .
(3) There are no triangles containing a double edge.
(4) diam(G7) = 2.
Lemma 8.1. Let (A, B,C) be standard divisors linearly equivalent with exceptional curves of X7 which are
either pairwise disjoint or form a triangle; then there exists an exceptional curve E such that:
(1) A · E = B · E = 1 and C · E = 0, if the curves are disjoint.
(2) E ∼ K + A + B + C is disjoint from A, B and C if the curves form a triangle. In particular the sum of any
three curves in any triangle is linearly equivalent to −K + V for some exceptional curve V .
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Proof. To prove (1), let π : X7 → P2 be a blow-down map which contracts A, B,C and let L be a line
of P2 which contains π(A) and π(B). The integral curve E ∼ π∗L − A − B has the required property.
For proving (2), consider the divisor F = K + A + B + C . Since F 2 = F · K = −1 we have that F
is linearly equivalent to an exceptional curve E , by Lemma 3.2. Observe that E is disjoint from A, B
and C . 
We will divide the nef and effective divisors which do not contract curves into classes according
to the value of mD . It will be suﬃcient to study two cases: mD  2 and mD = 1.
8.1. Divisors D with mD  2
Lemma 8.2. The capture moves speciﬁed by the sequences (A, B,C) in Fig. 1 are valid for any divisor D with
mD  2 in X7 .
Proof. By Kawamata–Viehweg and Lemma 2.3 it suﬃces to show that the divisor N = D − A − B −
C − K = −3K + G − (A + B + C) is nef and big.
If H is any exceptional curve and A, B,C are curves in one of the above conﬁgurations then H ·
(A+ B+C) 3 (since the graph of exceptional curves does not contain triangles with multiple edges),
so N · H  3− 3 = 0.
To show that N is big we compute
N2 = (−3K + G − A − B − C)2 = (G + A′ + B ′ + C ′)2  (A′ + B ′ + C ′)2.
Now, the subgraph spanned by A′, B ′ and C ′ is isomorphic to the subgraph spanned by A, B and C
so (A′ + B ′ + C ′)2  1. 
Lemma 8.3. The graph G7 is 2-capturable with the above moves starting with the subgraph e1 , e2 .
Proof. We will describe the stages of the game explicitly,
• Start with e1 and e2.
• Capture h1 and h2 from e1 and e2 using move (P1).
• Capture e3, . . . e7 from h1 and h2 using (P2).
• Capture all remaining exceptional curves from the ei using move (P2) (this is possible since every
other curve is adjacent to some pair of ei ’s). 
Lemma 8.4. For any Del Pezzo surface X7 and any divisor D ∈ Z8 with mD  2 we have b1,D(Cox(X7)) = 0.
Proof. Follows from Theorem 6.1 and the previous two lemmas. 
8.2. Divisors D ∈ Z8 with mD = 1
Deﬁnition 13. A divisor class Q on Xr is called a conic bundle if it satisﬁes
−K · Q = 2 and Q 2 = 0.
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We will now focus on standard divisors D with mD = 1. Any such D can be written as D = −K + F
where F is nef and effective. Since we are interested in divisors with −K · D  3 we will assume that
D 
= −K . We study two cases depending on whether or not F is a positive multiple of a conic bundle.
Lemma 8.5. If F 
= 0 is a nef and effective divisor on Xr , r  3 then the following are equivalent:
• F contracts a conic bundle (i.e. two singly adjacent curves in Gr ).
• F 2 = 0.
• F =mQ for some conic bundle Q and m > 0.
Proof. If r = 2 then, reasoning as in Lemma 3.3 we see that F can be written as F = a0(L − E1) +
a1L + a2(L − E2) with ai  0 thus the equivalence follows immediately.
For r > 2 we will study each hypothesis separately,
• Suppose F contracts a conic bundle Q . Let V1, V2 be exceptional curves such that V1 + V2 = Q .
Then F · V1 = Q · V1 = 0 and both F and Q are pullbacks of divisors F ′ and Q ′ on the Del Pezzo
surface Xr−1 obtained by contracting V1. Moreover Q ′ is still a conic bundle contracted by F ′ .
Continuing inductively we can reduce to the case r = 2.
• If F 2 = 0 then there exists a curve E such that F · E = 0 (else F = −K + R for some nef and
effective divisor R so F 2 > 0). Thus F is the pullback of a divisor F ′ on the Del Pezzo surface
Xr−1 obtained by contracting E . Since F ′2 = 0 we can reduce to the case r = 2 by induction.
• If F =mQ then F 2 = 0 and the statement follows from the previous item. 
8.2.1. Divisors D ∈ Z8 with D = −K + F , where F is not a multiple of a conic bundle and mD = 1
If D satisﬁes these hypotheses then,
• since F is nef and not a multiple of a conic bundle either −K · F  3 or F = −K . The second case
cannot occur since otherwise mD = 2 hence −K · F  3.
• F does not contract any pair of adjacent curves (else F would contract a conic bundle contradict-
ing Lemma 8.5).
Throughout this section let C be an exceptional curve with F ·C = 0 (such a curve exists since mD = 1)
and let A be any exceptional curve disjoint from C with
F · A =min{F · E | E is an exceptional curve disjoint from C}.
To simplify the exposition we will ﬁrst discuss the general strategy and then prove the validity of
the required moves.
Lemma 8.6. Let A and C be deﬁned as above. Then the moves determined by the following sequences are valid
for D ∈ Z8 (see Fig. 2),
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(M2) (Q , B,C) for any Q , B with Q · B = 1 and B · C = Q · C = 0.
(M3) (A, B,C) for any B with A · B = 0, B · C = 1.
(M4) (A, A′,C).
(M5) (C,C ′).
Proof. This follows from Lemma 2.3 by Lemmas 8.10, 8.11 and 8.12 which we prove at the end of the
section. 
Lemma 8.7. The graph of exceptional curves G7 is 2-capturable starting from the subgraph spanned by A, C
using the moves of Lemma 8.6.
Proof. We will describe the stages of the game explicitly.
• Start with A and C .
• Capture all neighbors of A or C from A and C using moves (M1), . . . , (M5).
• Capture all remaining pieces using move (M2). This is possible since every other exceptional
curve is adjacent to some curve H adjacent to A (hence already captured) and disjoint from C ,
by Lemma 8.1(1) (necessary and suﬃcient conditions to use (M2)). 
Lemma 8.8. For any Del Pezzo surface X7 and any divisor D ∈ Z8 , D = −K + F with mD = 1 such that F 
= 0
and F is not a multiple of a conic bundle, we have b1,D(Cox(X7)) = 0.
Proof. Follows from Theorem 6.1 and the two previous lemmas. 
We will now show the validity of the moves (M1), . . . , (M5). Recall that F · C = 0 and that A was
chosen so that it is an exceptional curve disjoint from C with
F · A = min{F · E | E is an exceptional curve disjoint from C}.
Lemma 8.9. The following statements hold.
• If F · A = 0 then F · A′  3.
• If F · A 
= 0 then F · A′  2.
Proof. By deﬁnition of A′ , A + A′ = −K so F · (A + A′) = −K · F  3 and the ﬁrst statement follows.
For the second statement let X6 be the cubic surface obtained by blowing down A. In G6 every
vertex belongs to a triangle so in G7 there is a triangle Q 1, Q 2,C whose vertices are disjoint from A
with Q 1 + Q 2 + C = −K6 = −K7 + A. Thus
F · (Q 1 + Q 2 + C) = F · (−K + A) 3.
Hence there exists a curve Q 1 adjacent to C with F · Q 1  2. It is dual curve Q ′1 is disjoint from C
so F · A  F · Q ′1 and F · (A + A′) = F · (Q 1 + Q ′1) = −K · F so F · A′  F · Q 1 = 2 as we wanted to
show. 
Lemma 8.10. If B is an exceptional curve in any of the following conﬁgurations, then h1(D − A − B − C) = 0.
(M1) A · B = B · C = 1.
(M3) B · C = 1 and A · B = 0.
(M4) B = A′ .
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big. The result will follow from the Kawamata–Viehweg vanishing theorem. Let H be any exceptional
curve in X7.
• If H · (A + B + C) 2 then N · H  0.
• If H · (A + B + C) = 3 then H is either adjacent to C (so F · H  1 since F does not contract
any conic bundle) or the conﬁguration is (M3) and H = B ′ . (In this case F · H  1 since either
F · A = 0 and F contracts no conic bundle or F · A  1 and every other curve Q disjoint from C ,
and in particular H , has F · Q  1.) Hence N · H  2+ 1− 3 = 0.
• If H · (A + B + C) = 4 then H = A′ and by Lemma 8.9 F · A′  2 so N · H  2+ 2− 4 = 0.
Thus N is a nef divisor. To verify bigness we will compute N2
N2 = 4K 2 + 2(−2K (F − (A + B + C)))+ (F − (A + B + C))2
= 4K 2 + 2(−2K F − 6) + F 2 − 2F A − 2F B + (A + B + C)2
= −4+ 2((−K − A)F + (−K − B)F )+ F 2 + (A + B + C)2
−3+ 2(A′F + B ′F ) + (A + B + C)2,
where the inequality follows from the fact that F is not a multiple of a conic bundle. Now we will
study the last quantity in each of the conﬁgurations.
• In (M1) and (M3), F · (A′ + B ′) 3 since either F · A = 0 and F · A′  3 or F · A  1 and F · B ′  1
(since B ′ is disjoint from C ) and F · A′  2 by Lemma 8.9. Moreover (A + B + C)2  −1 so
N2  2> 0.
• In (M4), A′ + B ′ = −K and (A + B + C)2 = 3 so N2  6> 0. 
Lemma 8.11. If Q and B are exceptional curves such that Q · B = 1 and Q · C = B · C = 0 (see (M2) in the
ﬁgure) then h1(D − Q − B − C) = 0.
Proof. As before we will show that N = D − Q − B − C − K = −2K + F − (Q + B + C) is nef and big.
For an exceptional curve H we will study several cases according to the value of H · (A + B + C).
• If H · (Q + B + C) 2 then N · H  2− 2 = 0.
• If H · (Q + B + C) = 3 then H must intersect C so F · H  1 (since F contracts no conic bundle)
and N · H  0.
• Finally, if H · (Q + B +C) = 4 then H = C ′ so F · H = F ·C ′ = F · (C ′ +C) = −K · F  3 so N · H  0.
To see that N is big note that (as in Lemma 8.10)
N2 −3+ 2(Q ′F + B ′F ) + (Q + B + C)2.
In our case Q ′, B ′ and C form a triangle so F (Q ′ + B ′) = F (Q ′ + B ′ + C) = F (−K + V )−K · F  3,
with V as in Lemma 8.1(2). Since (Q + B + C)2 = −1, N2  2> 0 and by Kawamata–Viehweg, h1(N +
K ) = 0. 
Lemma 8.12. If D · C = 1 then every section of H0(Xr, D − C ′) is divisible by xC , that is, C is in the ﬁxed part
of D − C ′ and the move (M5) is valid for D.
370 A. Laface, M. Velasco / Journal of Algebra 322 (2009) 353–372Fig. 3. Valid moves (W) for r = 7 and mD = 1. Vertices enclosed by a circle are contracted by F .
Proof. In this case (D−C ′) ·C = −1 so the result follows form the long exact sequence in cohomology
associated to the short exact sequence of sheaves
0 →OXr [D − C − C ′] →OXr [D − C ′] →OC [D − C ′] → 0. 
8.2.2. Divisors D = −K + F with mD = 1 and F =mQ a positive multiple of a conic bundle Q
Throughout the rest of the section we ﬁx disjoint exceptional curves A and C contracted by F
(such curves exist since F is a multiple of a conic bundle). We ﬁrst give an overview of the strategy
and then prove the validity of the required moves.
Lemma 8.13. Let B be any exceptional curve in X7 and let A and C be deﬁned as above. The capture moves
deﬁned by the following sequences are valid for the divisor D (see Fig. 3).
(W1) (A, B,C) for every B contracted by F such that A · B = B · C = 0.
(W2) (A, B,C) for every B such that A · B = B · C = 1.
(W3) (A, B,C) for every B such that F · B ′  1, B · C = 1 and A · B = 0.
Proof. The validity of (W1), . . . , (W3) follows from Lemma 2.3 and Lemma 8.16. 
Lemma 8.14. The graph of exceptional curves G7 is 2-capturable starting from the subgraph spanned by A, C
using the moves of Lemma 8.13.
Proof. We will describe the stages of the game explicitly,
• Start with any two disjoint exceptional curves A and C contracted by F .
• Capture all the curves B contracted by F from A and C as follows:
◦ If B is disjoint from A and C use (W1).
◦ If B is adjacent to A and C use (W2).
◦ If B is adjacent to only one of A and C then use (W3) (note that since B is contracted by F
then F · B ′ = F · (B + B ′) = −K · F  2 so the required condition for move (W3) is satisﬁed).
• Capture all remaining exceptional curves using move (W2). This is possible since by Lemma 8.17
below every other exceptional curve is adjacent to a pair of disjoint curves contracted by F . 
Lemma 8.15. For any Del Pezzo surface X7 and any divisor D ∈ Z8 with D = −K + F and F =mQ a positive
multiple of a conic bundle we have, b1,D(Cox(X7)) = 0.
Proof. This follows immediately from Theorem 6.1 by the two lemmas above. 
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Lemma 8.16. If A and C are disjoint exceptional curves contracted by F and B is an exceptional curve in any
of the following conﬁgurations, then h1(D − A − B − C) = 0.
(W1) A · B = B · C = 0 and F · B = 0.
(W2) A · B = B · C = 1.
(W3) F · B ′  1, B · C = 1 and A · B = 0.
Proof. We will show that the divisor N = D − A − B − C − K = −2K + F − (A + B + C) is nef and big.
The result will then follow from the Kawamata–Viehweg vanishing theorem. Let H be any exceptional
curve in X7.
• If H · (A + B + C) 2 then N · H  0.
• If H · (A + B + C) = 3 then either H intersects two contracted curves (so F · H  1 since Q
contracts only one conic bundle) or H is dual to a contracted curve (and F · H  2) or we are in
move (W3) and H = B ′ (so by assumption F · H  1). In all cases N · H  2+ 1− 3 = 0.
• If H · (A + B + C) = 4 then H is dual to one of A, B,C contracted by F so F · H = F · (H + H ′) =
−K · F  2 so N · H  2+ 2− 4 = 0.
Thus N is a nef divisor. To verify bigness we will compute N2
N2 = (F + (−K − A) + (−K − B) − C)2 = (F + A′ + B ′ − C)2
= 2F (A′ + B ′) + (A′ + B ′ − C)2.
Now we will study the last quantity in each of the conﬁgurations.
• In (W1), 2F (A′ + B ′) = −4K F  8 and (A′ + B ′ − C)2 = −7.
• In (W2), 2F (A′ + B ′) = −2K F + 2F B ′  4 and (A′ + B ′ − C)2 = −3.
• In (W3), 2F (A′ + B ′) = −2K F +2F B ′  6 (since by assumption F · B ′  1) and (A′ + B ′ −C)2 = −5.
In all cases N2  1> 0. 
Lemma 8.17. For every exceptional curve B not contracted by F there exists a pair of disjoint exceptional
curves A and C contracted by F , singly adjacent to B.
Proof. Write F =mQ for some conic bundle Q . Let {W1,W2} and {V1, V2} be distinct sets of curves
not containing B ′ such that Q = W1 + W2 = V1 + V2 (such curves exist since every conic bundle
in X7 has six reducible sections). Note that ViW j = 0 for 1  i, j  2 since Q 2 = 0. Now Q · B > 0
implies that at least one Wi (say W1) and one Vi (say V1) intersect B singly. Since Q · W1  Q ·
(W1 + W2) = 0 and similarly Q · V1 = 0 the curves W1 and V1 are contracted by Q and the result
follows. 
9. A proof of the conjecture of Batyrev and Popov
In this ﬁnal section we put all our results together and prove the conjecture of Batyrev and Popov.
Theorem 9.1. For 4 r  7 and any Del Pezzo surface π : Xr → P2 ,
Cox(Xr) = k[Vr]/Qr .
In other words the Cox rings of Del Pezzo surfaces are quadratic algebras.
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(1) By Lemma 4.1 the minimal generators of the ideal deﬁning the Cox ring have degrees D which
are nef and effective.
(2) By Lemma 5.2, b1,D(Cox(Xr)) = 0 for every nef and effective divisor of D ∈ Zr+1 of degree −K ·
D  2 which contracts exceptional curves (the induction hypothesis is used in the proof of this
lemma).
(3) If D ∈ Zr+1 is any nef divisor of degree −K · D  3 which does not contract curves then:
(a) If r = 5,6 then Lemma 7.4 shows that b1,D(Cox(Xr)) = 0.
(b) If r = 7 then Lemmas 8.4, 8.8 and 8.15 exhaust all possibilities and show that
b1,D
(
Cox(Xr)
)= 0.
Hence the ideal Ir has all its minimal generators in anticanonical degree 2 and the theorem follows.
Table 2 summarizes the Picard degrees of its generators. 
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